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Analytical relationships for determining the energy characteristics of 
thermopiles used for cooling or heating liquid flows are obtained. The 
method of calcula~ing the optimum parameters of batteries is dis- 
cussed. 

Semiconductor heat pumps for use in conditioners, 

thermostats, evaporators, and other devices are now 

being developed. The efficiency of heat pumps is great- 
est when there is a continuous flow of the liquid or 

gas to be heated or cooled. The existing method of 
calculating the parameters of thermoelectric devices 

with specified junction temperatures [1-3] or tem- 

peratures of the heating or cooling medium [4, 5] ap- 
plies to cases where all the elements of the thermo- 

pile are in the same temperature regime. The effi- 
ciency of the whole device can then be evaluated by 

analyzing the operating conditions of one thermoele- 

merit. 
A characteristic feature of coolers and heaters for 

liquid flows is that the heat regime of the individual 

thermoelements is different. The temperature of the 

elements varies continuously along the direction of the 

liquid flow over the cold and hot junctions. A method 

of determining the optimum parameters of such de- 

vices has not yet been devised. This paper derives 
some r e l a t i onsh ips  for d e t e r m i n i n g  the energy  and 
t e m p e r a t u r e  c h a r a c t e r i s t i c s  of s emiconduc to r  t i l e r -  
moe lee t r i c  devices  in which the liquid fIows succes s ive ly  
over the the rmopi l e  e l ements .  Var ious  condit ions a re  
cons idered .  Such devices  a re  e s sen t i a l l y  r ecupe ra t i ve  
heat exchangers  in which P e l t i e r  heat  is absorbed  and 
r e l ea sed  on the sur face  of the wall  s epa ra t i ng  the flows 
of liquid and Joule heat  is r e l ea sed  within the wall.  
In the cons ide red  devices  the h e a t - t r a n s f e r  media  can 
move re la t ive  to one another  in d i f fe rent  ways. 

We wil l  analyze  the main  types of pa ra l l e l  flow, 
e o c u r r e n t  and c o u n t e r c u r r e n t .  

We wil l  d e t e r m i n e  the change in the t e m p e r a t u r e  of 
the liquid flowing over the hot and cold junct ions  of the 
thermopi le .  We a s s u m e  that the width of the individual  
e l emen t s  is smal l  in compar i son  with the total  length 
of the thermopi le ,  and then the change in t e m p e r a t u r e  
along the x axis can be regarded  as cont inuous .  In 
s t eady- s t a t e  condi t ions  heat  t r a n s f e r  between the t h e r -  
m o e l e m e n t s  and the liquid flow is c h a r a c t e r i z e d  by the 
equat ions 

Wt dT: =a:p(T[-- T1), 
dx 

• W2 dT, (Ts - -  T2). dx = a2p (1) 

The plus sign co r r e sponds  to c o c u r r e n t  flow and the 
minus  sign to c o u n t e r e u r r e n t  flow. 

The heat  ba lance  on the the rmopi le  junc t ions  in the 
steady state  can be wr i t ten  [1] in the fo rm 

1 a:(T:--r:) .= air:---- f  ]2pd--@ (r'~--T;), 

I ~ (T; - -T: ) .  (2) a . ( r i - r : )  =sir: + y ].~d--y 

Equat ions (1) and (2) a re  valid when the conductive 
heat  fluxes in the axial  d i rec t ion  in the liquid and in 
the the rmopi l e  a re  negl igibly smal l .  The val idi ty of 
neg iec t ing  axial  heat  fluxes in heat  exchangers  is con-  
f i rmed  by expe r imen t s  and ana ly t ica l  e s t i m a t e s  [6]. 
In addit ion,  the heat  t r a n s f e r  coeff ic ients  a re  a s sumed  
cons tan t  along each of the su r faces  of the thermopi le ,  
while the p a r a m e t e r s  c~, p, and X of the t h e r m o e l e -  
merits and the specif ic  heat  of the l iquid a re  a s sumed  
to be independent  of the t e m p e r a t u r e .  

We reduce  Eqs. (1) and (2) to the d i m e n s i o n l e s s  

fo rm 

d :: __ N: (:: - -  T1), 
d~ 

=~- d h  = N~(~- -~) ,  (3) 
d~ 

1 
2 

Bi2 ( ~ ; -  T.2) = v~; q- _~1 v2 - ( ~ ; _  T;). (4) 
2 

In the case  of c o c u r r e n t  flow the t e m p e r a t u r e s  of 

the liquid flow at x = 0  T , , x :  0 : Tf~ ), T21x= 0 : T~,~ or, 
in d i m e n s i o n l e s s  form, r l l ~ :  0 = z~ ~ r21t=0 : 7t ~ In 

~ to~ 
the case of countercurrent flow we have T 11x=0 = T} ~, 

% l x : l  : T~ ~ or ~l~:0 : ~I ~ ~21::~ : @ .  
The solut ion of s y s t e m  (3), (4) with the indicated 

boundary  condi t ions  gives the following d i s t r ibu t ion  
of t e m p e r a t u r e  71 and T 2 in the flows of l iquid as func-  
t ions of the coordinate  ~: 

for e o e u r r e n t  flow 

T: (~) 1 = - -  iT (1) ( ~  ch ~ - -  v sh ~ )  q- T (21 G 1 sh ~ ]  X 

u 
•  , (5) 

2 

~p 

-]- :(:) G 2 sh %b~] exp (-- u ~) - -  1 - -  - -  , 
2 

(6) 

the temperature drop in the flow of the liquid under- 
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going cooling being 

AT i = Til~= 0 -- Ti[~= i = 

= ~ ( 0 1 1 - - ( c h , - - ~  s h * ) e x p ( - -  u ) ] - -  

--~(~) G--2 exp( - -u ) sh~  2, (7) 

the t e m p e r a t u r e  i nc r ea se  in the flow of liquid being 
heated  being 

A %  = % l g = l  - -  x'-I~=0 = 

= ~(') [ ( - ~  s h *  jr e h , )  exp ( - -  u) - -1]  + 

j r  ~(x~ _G,. exp( - -  u) sh ~, (8) 

fo r  c o u n t e r c u r r e n t  flow, 

�9 ~ (D = 

(u sh~ + r ch ~) expv~ 

- i+ ~-, (9) 

x{~) [u sh~p~ -}- ~p eh tp~] exp o -t- x (l~ G~ sh (p (1-- ~). _ 

n (D = ,  " 
(u sh (p q- (p ch (p) exp v 

- -  ~-- ~ (i0) 
2 ' 

As, = ,d~=o-- ~,/t=l = ~m [ I 9 e x p ( - v )  ]-- 
u sh qa + r 

_ ~(~) Gi s h  q~ ( i i )  

ush~ +~ch~ ' 

[ q~exp~ - - I ] . +  

+ ~O) G= sh r (12) 
u s h ~  jr  ~p ch 9 

In fo rmu la s  (5)-(12) 

1 
u 2 [ O ~ ( l + ~  ~ ) + G ~ ( 1  ~ - - ~ , ~ ) 1 ,  

1 [O~ (1 + ~ - -  % ~ )  - -  Oo (1 - -  ~ - -  ~ ) 1 ;  
U~ T 

It is easy to see that in the absence of a current in 
the thermopile (v = 0) formulas (5)-(12) are converted 
to the known expressions for the temperature of heat 
transfer media in recuperative heat exchangers. 

It is of interest to note that in the ease of eounter- 
eurrent flow the value of ~0 may be imaginary for a 
particular ratio of the parameters, i.e., the tempera- 
ture of the thermoelement junctions and heat-transfer 
media  will va ry  along the t h e r m o p i l e  in acco rdance  

with a sine law with an exponential ly va ry ing  amp l i -  
tude. The .per iod  of the t e m p e r a t u r e  wave in this case  
i s  2rr(//~) 1 [s ic] .  A per iod ic  d is t r ibut ion  of t e m p e r a t u r e  
along the the rmop i l e  occu r s  when the cu r r en t  densi ty 
l ies  between v I and u 2, and 

1 

-~ 4(~ilV~ Jr ~i2 IVy) (V~-2 +_]/-~)2],/2} ({]iWx_~ ~W~)-~. (13) 

The creation of a stable periodical temperature 
field with a finite thermal resistance on the junctions 
is due to the action of opposing factors, Peltier heat 
and the heat flux through the branches of the thermo- 
element. The relationship between these factors varies 
along the thermopile. 

In addition to the values of the temperature drop 
the main parameters characterizing the considered 
devices are the cooling capacity (}i = WIATI, and the 
heating capacity Q2 = W2AT2, and also the coefficients 
of performance E and ~: 

1/e  = Q~/Q1 - -  1 = 

= W~ h T J W  1 h T x - -  1 = Rx A%/R2 A.q - -  1, (14) 

1/ ,  I --- 1 - -  Q, /Q~ = 

= I - - W 1 A T 1 / W ~ A T ~ - ~  I - - R 2 A v l / R 1 A % .  (15) 

The e x p r e s s i o n s  c h a r a c t e r i z i n g  the eff ic iency of a 
t he rmop i l e  [the ma in  ones a r e  the re la t ionsh ips  (7), 
(8), (11), and (12), which d e t e r m i n e  the va lues  of AT 1 
and AT2] a r e  compl ica ted  and do not allow an analyt ica l  
de te rmina t ion  of the op t imum p a r a m e t e r s  of the t h e r -  
m o e l e m e n t s  and the power  supply in gene ra l  fo rm.  
Fo r  the solution of speci f ic  technical  p r o b l e m s  con-  
nected  with the cons t ruc t ion  of t h e r m o e l e c t r i c  dev ices  
the va lues  of the r equ i r ed  p a r a m e t e r s  can be found 
by c a r r y i n g  out a s e r i e s  of n u m e r i c a l  ca lcula t ions  on 
the b a s i s  of the f o r m u l a s  obtained above.  Computing 
technique should be used for  the ca lcula t ions .  The use  
of dimensionless similarity criteria reduces the num- 
ber of variable factors, and the results can be put in 
general form. Depending on what parameters of the 
thermopile are prescribed in its design, different cri-  
teria R, N, or P can be put into the main formulas 
for the determination of AT. The values of these cri-  
teria depend on the dimensions of the thermopile, the 
heat transfer coefficients, and the water equivalents 
of the flows. 

In the preliminary estimate of the parameters of a 
thermopile it is convenient in some cases to use ap- 
proximate relationships suitable for the specific design 
or conditions of application of the thermoelectric de- 
vice. Such expressions for AT and a can easily be ob- 
tained by the appropriate limiting transition, such as 
for  smal l  hea t  loads (v << 1), for  a t he rmop i l e  of r e l a -  
t ively sma l l  a r e a  (R1, 2 << 1), and so on. 

Devices  in which the wa te r  equivalent  of the liquid 
on one side of the ba t t e ry  is much  g r e a t e r  than that  
on the o ther  ( a i r - w a t e r  condi t ioners ,  and so on) a r e  
often used.  In these  cases ,  when n = Wl /W 2 << 1 and 
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any relative direction of flows, the expressions for Ar 

are converted to the form 

{ x2(~ [ l + (2 - -  v) [~] } 

X { l -- exp [-- G~ (1 + v -- v~6~)] }, (16) 

A'~2 = n(A~ I +-'~(z)R:v~) (1 + v--,v~6z)-:. (17) 

An a n a l y s i s  of the obta ined r e l a t i o n s h i p s  l eads  to 
some  g e n e r a l  conc lus ions  r e g a r d i n g  the effect  of v a -  
r i o u s  f a c t o r s  on the ef f ic iency of a t h e r m o p i l e .  The 
cool ing capac i ty ,  as  in the ea se  of a s ingle  e lement ,  
is g r e a t e s t  at  a p a r t i c u l a r  value  of c u r r e n t  dens i ty  v. 

The coef f i c ien t s  of p e r f o r m a n c e  e when 75 ~ _> r l  o) 
d e c r e a s e s  s t ead i ly  with i n c r e a s e  in v f r o m  infinity to 
ze ro ;  if r i  o' < rt  ~ then e has  a m a x i m u m  at a p a r t i c -  
u l a r  v. C o u n t e r c u r r e n t  flow a lways  e n s u r e s  h igher  
e f f ic iency than c o c u r r e n t  flow. The va lues  of At ,  ~, 
and ~ i n c r e a s e  a long with the hea t  t r a n s f e r  coef f i c ien t s  
al and a2. The t e m p e r a t u r e  d rop  Ar~ in the ca se  of 
op t imum supply c u r r e n t  v has  a m a x i m u m  when the 
t h e r m o p i l e  has  a p a r t i c u l a r  a r e a .  With subsequen t  in-  
c r e a s e  in S in the e a s e  of c o c u r r e n t  flow Ar~ s t ead i ly  
d e c r e a s e s  and in the ea se  of c o u n t e r c u r r e n t  f low i t  
tends  to a cons tan t  l imi t .  The l im i t i ng  d e g r e e  of e o o l -  
ing of the flow, d e t e r m i n e d  by the p h y s i c a l  p r o p e r t i e s  
of the t h e r m o e l e m e n t s  ( p a r a m e t e r  z), is a t t a ined  with 
a cons tant  t e m p e r a t u r e  on the hot  s ide  of the t h e r m o -  
p i le  (W~, a 2 ~ o o )  a n d a r e a S ~ .  

In the des ign  of a spec i f i c  s e m i c o n d u c t o r  c o o l e r  o r  
h e a t e r  the r e q u i r e d  va lues  of AT (or Q), Wt, W~, and 
the c h a r a c t e r i s t i c s  of the t h e r m o e l e m e n t  m a t e r i a l  a r e  
usua l ly  p r e s c r i b e d .  The va lues  of al and a 2 a r e  usua l ly  
a l so  known be fo rehand .  If t h e s e  da ta  a r e  given,  we a r e  
faced with the p r o b l e m  of choos ing  the d i m e n s i o n s  of 
the t h e r m o p i l e  to e n s u r e  the obtent ion of the p r e s c r i b e d  
va lues  of Ar~ or  Ar~ for  m a x i m u m  e or  ~. Ano the r  
fo rmula t ion  of the p r o b l e m  r e q u i r e s  the d e t e r m i n a t i o n  
of the p a r a m e t e r s  of the t h e r m o p i l e  to e n s u r e  m a x i -  
mum cool ing  c a p a c i t y  in p a r t i c u l a r  condi t ions .  

If  none of the d i m e n s i o n s  of the t h e r m o p i l e  is  p r e -  
s c r ibed ,  t h e r e  a r e  no op t imum g e o m e t r i c  p a r a m e t e r s .  
The e n e r g y  e f f i c i ency  i n c r e a s e s  s t e a d i l y  with s i m u l -  
taneous  i n c r e a s e  in S and d. The f o l l o w i n g t y p i c a l  c a s e s  
of r e s t r i c t i o n s  on the d i m e n s i o n s  of the t h e r m o p i l e  
can be ment ioned .  

1. Des ign  c o n s i d e r a t i o n s  p r e s c r i b e  the a r e a  of the 
t h e r m o p i l e  ( c r i t e r i o n  N), and the in i t i a l  t e m p e r a t u r e s  
of the f lows,  flow r a t e  of the l iquid,  and hea t  t r a n s f e r  
coef f i c ien t s  a r e  a l so  known. It is  r e q u i r e d  to find the 
height  of the t h e r m o e l e m e n t s  (or the value  of the Blot  
number )  to s e c u r e  m a x i m u m  e for  a p r e s c r i b e d  cool ing  
capac i ty .  The a p p r o p r i a t e  ca l cu l a t i on  can be c a r r i e d  
out us ing  r e l a t i o n s h i p s  (7) and (8), or  (11) and (12). As 
an example  Fig .  l a  shows the f ami ly  of c u r v e s  e = f ( 1 /  
/Bi~) for  d i f f e r en t  va lues  of Ar~ ( coeu r r en t  flow). The 
ca l cu l a t i ons  w e r e  p e r f o r m e d  by a BESM-2  e l e c t r o n i c  
d ig i ta l  c o m p u t e r .  The uppe r  b r a n c h  of t he se  c u r v e s  
c o r r e s p o n d s  to the a scend ing  p a r t  of the r e l a t i o n s h i p  

Ar~(v) and the l ower  c o r r e s p o n d s  to the de scend ing  
p a r t .  Only the uppe r  p a r t s  a r e  of p r a c t i c a l  va lue .  
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Fig. i. Coefficient of performance ~ as a function of 

Biot number (height of thermoelements) for a pre- 

scribed area (N = 3) (a) or volume of thermopile (Pl = 
= 15) (b) and various temperature drops in the flow 

(cocurrent flow; m = aJa 2 = 0.5; n = WI/W 2 = 0.25; 
~(o) _ ~(o) _ 0 6~. 1) A~ h = 0.01; 2) 0.015; 3) 0.02; " 1  - -  ~ 2  - -  �9 I -  

4) 0.025; 5) 0.03; 6) 0.035; 7) 0.038 (a) and 0.041 (13); 
8) 0.0401 (a) and 0.0428 (b). 

Curves similar to those in Fig. I are obtained for 

countercurrent flow. For the same initial data the 

values of e at the maximum for countercurrent flow 

are approximately 10% higher than in the case of co- 

current flow. The greatest attainable value of A-r~ is 
4.24 �9 10 -2, as against 4.01 - 10 -2 for cocurrent flow. 

Using the approximate expression for a for small 

AT (the first terms of the expansion in v) we can ana- 

lytically find the optimum values /31 = fi~ from the con- 

dition de/d/31 = 0. For cocurrent and countercurrent 

flow for ~.~0) = yI0) we obtain transcendental equations 

- -  [1 + ~: (1 + m) l  I = 
I e x p  ( -  no) 

.t-(o) 
- - - ,  (18) 

~(o) + 1 

to d e t e r m i n e  /3*: 

[1 + 13:(1 +m) l  { 2Uo 

(expv o - -  n) [1 + 6:(1 + m)] /, 

2 U  o 
x 

exp v o -  1 
[ 1 + 6 1 ( 1 + m ) 1  1--nexp(--vo)l_n } - -  

(I-- n) :(o> 

T <~ + 1 
; (19) 

u o = utu= o, v o = vlu= o m u s t  be used  in the f o r m  

U o = N 1  6 : 0 + n )  , v o = N ,  f h ( 1 - - n )  . (20) 
l +  13:(1 + m) 1+ 131(1 + m )  

Although the values of/3~ obtained from Eqs. (18) 

and (19) relate to the case /xT I -- 0, they can be used 

for the whole range of variation of Ar I since/3* de- 

pends weakly on A~" I. 
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2. The volume of the t h e r m o e l e c t r i c  m a t e r i a l  ( c r i -  
t e r i on  P) and the t h e r m o t e c h n i c a l  p a r a m e t e r s  of the 
t h e r m o p i l e  a r e  p r e s c r i b e d .  It is  r e q u i r e d  to find the 
op t imum r a t i o  of the height  of the e l e m e n t s  and the 
a r e a  of the t h e r m o p i l e  f rom the e x p r e s s i o n s  for  Ar  1 
and ,M- 2. The r e s u l t s  of such a ca lcu la t ion  a r e  shown 
in F ig .  lb .  

,5 % i 

a5 1 r~ 

0 2 ~ O' O N 

Fig .  2. Coeff ic ient  of p e r f o r m a n c e  
e as  a function of p a r a m e t e r  N (a rea  
of t h e r m o p i l e )  for  a p r e s c r i b e d  
t h i c k n e s s  of t h e r m o p i l e  and d i f -  
f e r e n t  t e m p e r a t u r e  d r o p s  in the 
flow ( eocu r r en t  flow; Bi 1 = 1.25; m = 

=al/a 2 = 0.5; n = W1/W 2 = 0.25; 

T~ 0) = ~") = o.6): 1 ) ~  = o.ol;  
2) 0.015; 3) 0.02; 4) 0.025; 5) 0.03; 

6) 0o0312. 

The a b s c i s s a e  of the m a x i m a  on the c u r v e s  e =f(1/ 
/B i )  c o r r e s p o n d  to the op t imum va lues  of fi*, which 
d e t e r m i n e  the he ight  d for  the given o p e r a t i n g  cond i -  
t ions  of the t h e r m o p i l e .  The value  of flF fo r  c o c u r -  
r en t  and c o u n t e r c u r r e n t  f low a t  I"} 0) = ~'I ~ and A r  1 -~ 0 
can be found a l so  f r o m  the equat ions  

[ .o 
2[1+  ~1(1+ re)l• 1--  exp( - -  uo) 

-- T(~ (21) 1+~1(1 + m )  expu o 
2 +  ~l(1 + m) "d ~ + 1 

(expvo-- n) [1 -}- [3, (1 -bm)] • 

vo l+[~z (1 -b m) X 

• expv o -  1 2 +  [3~(1 + m )  

1 - -nexp  (--vo) ] = (1 - -  n)~(o) . (22) 

whe re  

~(1 + n )  ~ ( I - n )  
u~  1 + ~ ( 1  +m)  vo=P1 (23) ' 1+ ~1(1 4- rn)" 

3. The t h e r m o p i l e  is  c o m p o s e d  of s t a n d a r d  t h e r m o -  
elements of height d. The thermotechnical parameters 
of the battery are prescribed, and it is required to 
find its optimum area (criterion N). An example of the 

da ta  obta ined by ca lcu la t ion  on an e l e c t ron i c  compute r  
is  shown in Fig .  2 [upper  b r a n c h e s  of cu rves  e =f(N)].  
The op t imum value N = N* can a l so  be found f r o m  
equat ions  s i m i l a r  to those  given above (they a r e  ob-  
ta ined  for  c o c u r r e n t  and c o u n t e r c u r r e n t  flow f r o m  the 

0e 
c~176  ~-A ]~,.0 = 0) : 

2u ~ 
[l-k" [~l( l§ m)] 1-- exp ( - -  uo) 

_ z(0) (24) 
exp u0 ~(0) 4_ I 

(exp Vo - -  n) [1 + [~x (I + m)l • 

[ 2v~ n exp (_v0) ] ~(o) (25) 

• Lexpv-~---1 ]-~--n ' = ~(~ 

The quan t i t i e s  u 0 and v 0 m u s t  be taken in the f o r m  
(20). F o r m u l a s  (24) and (25) give r e s u l t s  which p r a c -  
t i c a l l y  coinc ide  with the exac t  da ta  for  the pos i t ion  of 
the m a x i m a  on the  c u r v e s  e =f(N)  with r l  ~ = T~ ~ for  
a wide r ange  of cool ing  c a p a c i t i e s .  

NOTATION 

T is the temperature in the liquid flow; AT is the 
difference in flow temperatures along the thermopile; 
T (~ is the temperature of heat transfer medium at 
entrance; T' is the junctior~ temperature; V, S, d, l, p 
are the volume, area, thickness, length, and width 
of the thermopile; ~, X, p are the reduced thermo-emf, 
thermal conductivity, and resistivity; z = ~ /pk ;  a is 
the heat transfer coefficient, referred to the unit area 
of the battery, with the radiator taken into account; m = 
= aftra2; j is the current density; W is the water equiv- 
alent of flow; n = WI/W2; Q is the cooling or heating 
capacity of the thermopile; x is the coordinate along 
the flow; ~ = x/ l  is the dimensionless coordinate; T = 
= zT, is the dimensionless temperature; u = (o~d/X)j 
is  the d i m e n s i o n l e s s  c u r r e n t ;  Bil ,  2 = l / i l l ,2  = al,2d/~. , 
i s  the Biot  number ;  R1, 2 = SX/W1,2d, Ni, 2 = Sal,2/Wl, 2 
is  the  d i m e n s i o n l e s s  a r e a ;  PI,z = Ya},z/WLzk is  the  d i -  
m e n s i o n l e s s  vo lume.  The s u b s c r i p t s  1 and 2 r e f e r  
to the cooled  and hea ted  media ,  r e s p e c t i v e l y .  
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